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N
anoplasmonics offers tremendous
new opportunities for fabricating
ultrafast nanocircuits, as it permits

miniaturization beyond the diffraction limit
imposed on electromagnetic waves.1 It is
possible to use surface plasmons (SPs), the
collective oscillations of electrons atmetal�
dielectric interfaces, to carry information at
nanoscale.2,3 To power the circuits employ-
ing SPs, one needs an active device akin to a
transistor in electronics or a laser in optics.
The surface plasmon amplification by sti-
mulated emission of radiation has been
proposed as the phenomenon that can be
used to generate SPs in the active plasmo-
nic device known as spaser.4,5 The operation
of spaser requires gain medium whose ex-
citation energy can be transferred non-
radiatively to a coupled plasmonic resona-
tor, increasing the amplitude of its localized
SP modes.5

A spaser can generate much stronger
coherent plasmonic fields than those cre-
ated at a metallic surface excited by a laser
source, due to the amplification of SPs
through stimulated emission.3 Experimen-
tal demonstration of the stimulated emis-
sion of SPs6 has recently led to the first

practical realization of spaser comprising a
spherical gold nanoparticle surrounded by
dye-doped silica.7 The operational charac-
teristics of a spaser, such as plasmon gen-
eration rate, emission wavelength, SP quality
factor, and threshold gain, strongly depend
on the spaser's geometry and composition.8

Therefore, many spaser designs have been
proposed and analyzed in search of the best
performance. These include a gold-film plas-
monic waveguide sandwiched between the
optically pumped multiple quantum wells
(QWs),9 a V-shaped metal nanoparticle sur-
rounded by quantum dots (QDs),5 an array of
split-ring resonators on an active substrate,10 a
bowtie-shaped metallic structure with bound
QDs,11 and ametal nanogroovewithQDs at its
bottom.12 All these designs are based on the
noble-metal plasmonic nanocavities of differ-
ent geometries that were coupled to semicon-
ductor QD/QW gain media. Here we present
an original all-carbon spaser with a graphene
plasmonic resonator (or cavity) powered by a
coupled carbon nanotube (CNT). This design
offers many advantages of carbon materials,
including mechanical strength and flexibility,
thermal and chemical stability, and utility in
biomedical applications.13�16
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ABSTRACT Spaser is a nanoscale source of surface plasmons

comprising a plasmonic resonator and gain medium to replenish

energy losses. Here we propose a carbon-based spaser design in

which a graphene nanoflake (GNF) resonator is coupled to a carbon

nanotube (CNT) gain element. We theoretically demonstrate that

the optically excited CNT can nonradiatively transfer its energy to the

localized plasmon modes of the GNF because of the near-field

interaction between the modes and the CNT excitons. By calculating

the localized fields of the plasmonmodes and the matrix elements of

the plasmon�exciton interaction, we find the optimal geometric

and material parameters of the spaser that yield the highest plasmon generation rate. The results obtained may prove useful in designing robust and

ultracompact coherent sources of surface plasmons for plasmonic nanocircuits.
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Graphene and CNTs are the two allotropes of carbon
that are widely used in optoelectronic applications due
to their remarkable optical and electronic properties.
They possess a honeycomb lattice structure, with
carbon atoms being in sp2 hybridization.16 Further-
more, graphene plasmons feature better confinement,
lower dissipation and higher tunability than the SPs of
noble metals.17,18 Graphene also provides a unique
playground for the realization and studying strong
light�matter interactions.18 All these features make
graphene an excellent spaser cavity.
The ability of graphene to support propagating SPs

was theoretically demonstrated using an infinitely long
graphene nanoribbon surrounded by QDs.19 We con-
sider a more realistic situation where the SPs of a
graphene nanoflake (GNF) receive gain from a finite-
length CNT. Semiconducting CNTs are well-known for
supporting excitons, which can be created via optical
absorption,15,16,20 and having absorption and emission
parameters that are strongly dependent on the CNT
chirality.14,21 These features make CNTs perfect gain
medium for spaser.
In the proposed spaser design, the SPs supported by

the GNF receive gain through the interaction with the
excitons of the CNT. In order to study this interaction, it
is important to use an appropriate quantum mechan-
ical model of the spaser. Although a number of theo-
retical models currently exist to describe the aspects of
spaser operation,5,8,22�26 here we opt for the one that
allows for the effects of degeneracy of the localized
graphene SP modes.8 In this paper, we first study the
nature of the graphene plasmons and then proceed to
investigating the properties of the CNT gain medium.
In particular, we obtain the operating characteristics of
the proposed spaser and discuss its tunability.

RESULTS AND DISCUSSION

Spaser Design. The proposed spaser design shown in
Figure 1 employs a square graphene nanoflake (GNF)
as the plasmonic resonator. This choice of the GNF's
shape is made considering the simplicity of fabrication.
Although any rectangular graphene patch is easy to
fabricate, the square shape allows one to reduce the
number of geometric parameters without loss of gen-
erality. For a given width W of the GNF, the resonator
supports a series of localized SP modes of unique
energies. These modes spatially and spectrally overlap
with the CNT excitons in different degrees and there-
fore experience different amounts of gain. The SP
mode that is in resonance with the emission line of
the CNT survives, receiving the maximum gain. This
dominant mode is known as the “spaser mode”.7,8,27

In order tomaintain continuous spasing,we assume
that the CNT is excited by a suitable pump source.
Because of the large absorption coefficient of CNTs at
optical frequencies,20,21 we consider optical pumping.
It has also been shown using a quantum wire based

spaser design that the electrical pumping of such a
CNT gain element is also possible.28 The excitons of the
CNT generated by the pump recombine and nonradia-
tively transfer their energy to the GNF plasmons. The
excited SPs stimulate the CNT to excite more SPs of the
same mode and energy, resulting in a buildup of the
spasing mode intensity.

Plasmon Modes of Graphene Resonator. Many recent
theoretical18,29,30 and experimental31�33 studies sug-
gest that graphene has better plasmonic properties
than noble metals in terms of ease in tunability, field
confinement, and resistive losses. For example, carriers
in graphene behave as massless Dirac fermions32 be-
cause of their well-known conical bandstructure.17,18

The high concentration and mobility of the carriers
allow graphene plasmons to travel much longer dis-
tances as compared to plasmons of noble metals.17,34

Plasmonic properties of graphene are characterized
by its frequency dependent optical conductivity, which
is also a function of Fermi energy EF. Since EF can be
controlled by doping or electrostatic gating, the plas-
monic properties of graphene are readily tunable.17,18,35

Following the semiclassical Drude model with a finite
temperature correction, the conductivity of graphene
can be written as34,36

σ(ω) ¼ e2EF

πp2
2ikBT

ωþ iτ�1
ln 2 cosh

EF
2kBT

� �" #
(1)

where e is the charge of the electron, ω is the SP
frequency, τ is the relaxation time, kB is the Boltzmann's
constant, and T is the temperature of the system.
Although this expression is derived for an infinitely wide
graphene sheet, it provides a reasonably accurate esti-
mate for GNFs of lateral sizes exceeding 50 atoms.18 It
becomes less accurate in much narrower graphene
sheets because of the extreme carrier confinement.
For this reason, we consider GNFs to be large enough
to avoid the effects of carrier confinement. Since SPs are
tightly confined by the GNF's surface, they can strongly
interact with the nanotubes excitons,18 which makes a
GNF an excellent plasmon resonator for a spaser.5

Figure 1. Schematic of the proposed spaser made of an
optically pumped carbon nanotube located above a square
graphene nanoflake resonator.
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A GNF supports a set of SP modes whose frequen-
cies and field distributions can be found by solving the
Helmholtz wave equation37 with appropriate bound-
ary conditions (see Methods). The first five modes are
shown in Figure 2a, where they are numbered con-
secutively by index l = 1, 2, 3, ..., in order of increasing
energy. Modes 2, 4, and 5 are seen to be doubly
degenerate. Therefore, each SP mode is characterized
by a pair (l,η) of integers, which are the number and
degeneracy of the mode.

The tunability of the mode energies with the Fermi
energy EF and the GNF width W are illustrated in
Figure 2b,c. The energies are seen to vary over a wide
range (frommid- to near-infrared frequencies) offering
a great flexibility in spaser design. Moreover, the two
dependencies are similar to those for one-dimensional
graphene nanoribbons,17,34 which scale as �

√
EF and

� 1/
√
Wr. Since EF can be changed by either doping or

gating, themode energies are tunable via alterations of
both the geometric and material parameters of the
GNF. The fields of the SPmodes are quantized to study
their interactions with the CNT using a convenient
quantum mechanical framework.5,8

Carbon Nanotube Gain Element. The energy of the
excited CNT is transferred nonradiatively to the GNF
via the exciton�plasmon interaction.27 As was men-
tioned earlier, the CNT is chosen as a gain element
because of its high optical absorption and strong
photoluminescence efficiency.14�16 Recent studies re-
vealed that the transitions involved in these phenom-
ena occur between the states of the CNT excitons,15,38

which arise because of the unique electronic proper-
ties of CNTs related to their molecular structure.

The CNT is assumed to be formed by rolling a
graphene sheet around a certain chirality vector39

defined by a pair of integers (n,m). The electronic band
structure and the density of states (DOS) of such a
CNT can be calculated using the tight-binding model
for π electrons of carbon atoms, followed by the

zone-folding technique14,39 (see Methods). It is easy
to show that the CNT can be either metallic or semi-
conducting depending on its chirality, i.e., on whether
|(n � m) mod 3| is zero or not.16,39 The DOS of the
(n,m) = (10,7) CNT shown in Figure 3a is seen to be
everywhere nonzero, indicating metallic behavior of
the nanotube. In contrast to this, the DOS of the (7,6)
and (10,9) CNTs exhibit wide bandgaps, which implies
that both nanotubes behave as semiconductors. The
peaks in the DOS, known as Van Hove singularities,39

facilitate the formation of the well-defined exciton
states of energies that enable optical transitions.15

The energies of the states can be readily found using
the DOS plots, where we marked the first two exciton
energies as E11 and E22.

We design our spaser such that the pump laser
resonantly excites a semiconducting CNT and gener-
ates excitons of energy E22. The excitons then relax
to the lower state of energy E11, while the excess of
energy E22� E11 is absorbed by an additional resonant
system, which eventually transfers this energy to a
bath. If the energy of a GNF SPmode coincides with E11
and the GNF is located close to the CNT, then the
excitons may annihilate and transfer their energy to
plasmons.5

Figure 3b shows several nanotubes of different
chiralities that can be used in different spaser config-
urations. There are no nanotubes in the dotted regions
because E22 should exceed E11. The nanotubes within
the area shaded in red are themost favorable for spaser
operation, because the energies of themost of the GNF
modes are below 1 eV (see Figure 2b,c), and the energy
difference E22 � E11 for such CNTs is relatively small.
Hence, for preset ranges of the emission and pumping
wavelengths of the spaser, its performance can beopti-
mized by selecting one of the CNTs from the favorable
region.

Quantum-Mechanical Model of Spaser. We model the
spaser as a quantum system whose states are the
product of the states of the CNT excitonic subsystem
and the GNF plasmonic subsystem (Figure 4).8 It is as-
sumed that the excitons have three states, the ground
state |0eæ of zero energy and the two excited states |1eæ

Figure 2. (a) Normalized electric field distributions of five
lowest-energy modes supported by a square graphene
flake of width W. The mode energies are plotted as func-
tions of (b) Fermi energy for W = 50 nm and (c) flake width
for EF = 0.4 eV (the color legend applies to both panels).

Figure 3. (a) Density of states for (10,7), (7,6), and (10,9)
carbon nanotubes and (b) usable nanotubes for different
configurations of spaser mode and pump photon energies.
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and |2eæ of energies E11 and E22, whereas the plasmon
mode l of degeneracy p can be in one of p þ 1 states.
The vacuum of plasmonmodes is denoted as |0plæ, and
the degenerate states of the mode of energy ESP are
denoted as |1pl

l,1æ, |1pll,2æ, ..., |1pll,pæ. With these notations, the
essential p þ 3 states of the spaser are as follows:

j1æ ¼ j0eæj0plæ, j2æ ¼ j0eæj0plæ, j3æ ¼ j2eæj0plæ,
j4æ ¼ j0eæj1l, 1pl æ, j5æ ¼ j0eæj1l, 2pl æ, :::, jpþ 3æ ¼ j0eæj1l, ppl æ:

This set of states allows one to study the effects of
the SP mode degeneracy on spaser characteristics. To
do this, we build a (pþ 3)� (pþ 3) densitymatrix of the
spaser and describe its dynamics by the following
master equation for the density operator F̂:8,40

DFμν
Dt

¼ 1
ip
[Ĥ, F̂]μν � γμνFμν þ δμν ∑

K 6¼ν

ξνKFKK (2)

where Ĥ is the Hamiltonian of the spaser, γμν is the
coherence relaxation rate between the states |μæ and
|νæ, and ξνκ is the transition rate from state |κæ to state
|νæ. The first term on the right-hand side of this
equation represents the time evolution of F̂ and comes
from the quantum Liouville equation, whereas the rest
of the right-hand side part is the relaxation super-
operator accounting for the dissipation of the density
matrix components.40 eq 2 is a system of linear partial
differential equations, the solution of which can lead to
population inversion (i.e., F22 > F11) for a sufficiently
strong pump and sufficiently fast energy relaxation
between the excitonic states.

Analysis of Spaser Performance. We now solve the
master equation and calculate the plasmon generation
rate. This is done by considering an arbitrary spaser
mode l of degeneracy p. The plasmon generation rate
of this mode is defined as a the total steady-state
population of the mode, which is given by the sum
Rl = F44 þ F55 þ ... þ Fpþ3,pþ3. Since the degeneracy
order of the first five SP modes does not exceed two
(see Figure 2a), a spaser operating in one of these
modes has either four or five essential states.

By solving eq 2 for the case of stationary excitation,8

we find the plasmon generation rate to be given by
(see Methods)

Rl, p ¼ Rω2
l

γp
γ2p þΔ2

p

jVLj2 ∑
p

η¼ 1
jVl,ηj2 (3)

where R is a constant, which depends on the environ-
ment and material parameters of the CNT, γp = γ24 =
γ25, Δp = (E11 � ESP)/p, and VL = Æ2e|EL 3 r|0eæ and Vl,η =
Æ1e|El,η 3 r|0eæ are the matrix element of exciton inter-
action with the excitation light field EL and the field El,η
of the GNF SP mode (l,η).

Using this expression, we now study how the
performance of the spaser varies with its material
and geometric parameters. Consider the spaser shown
in Figure 5a. It consists of a semiconducting CNT of
length L whose axis is located at distance H parallel to
the surface of a W � W square GNF. We also assume
that the centers of the GNF and CNT coincide, while the
nanotube's axis makes an angle ϑ with the GNF edge.
We are interested in the GNFs whose widths lie be-
tween 25 and 100 nm, where the conductivity model
employed is accurate enough. The nanotube length
Lmay vary from 0.2W to 2.5W, and H is kept within the
range of 5�20 nm, allowing the near-field interaction
between the GNF SP modes and CNT excitons.

In order to study the plasmon generation rate of the
proposed spaser, we first numerically evaluate the
exciton�plasmon matrix elements Vl,η by assuming
that the state of exciton along the CNT is described by
the symmetric (with respect to the CNT's center)
Gaussian wave function.41 We also neglect the
inhomogeneity of the plasmonic field across the
nanotube's diameter. Figure 5b,c shows how the nor-
malized rates R1 and R2 vary with respect to geometric
parametersW, L, and ϑ for H = 5 nm. It is seen that both
R1 and R2 peak for L≈ 1.1W, with their absolutemaxima
achieved for ϑ = π/4þ (π/2)k and ϑ = πk (k = 0, 1, 2, ...),
respectively. The optimal angles are determined by the
distributions of the electric field of the SP modes (see
Figure 2a), which is why the mutual orientation of the
CNT and GNF is crucial for spaser performance and
should be chosen depending on the spasing mode.
When the length of the CNT becomes smaller than the
optimal length, the plasmon generation rate reduces
because of the reduction in the CNT's dipole moment.
In the opposite situation of CNT's size exceeding the
optimal length, the reduction in the plasmon genera-
tion rate is explained by the reduced spatial overlap
between the SP mode field and the nanotube's
excitons.

To achieve the maximal spasing efficiency, the
spaser mode should be resonantly coupled to the
lower excitonic state. The coupling can be realized by
matching theGNF's SPmode energywith the energy of
the lower excitonic state via changing W or EF (see
Figure 2b,c). Figure 5d shows how the rate R1 varies
with the SP mode energy for five CNTs, ϑ = π/4, L =
1.1W = 35 nm, and H = 5 nm. The widths of the spectra
on this figure together with Figure 2c indicate that the
realization of the resonant plasmon�exciton coupling
would require a fabrication tolerance of about 1 nm.
Alternatively, one can achieve the resonance between

Figure 4. Energy-level diagram illustrating the quantum-
mechanical model of spaser.
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the GNF plasmons and the CNT excitons by doping the
nanotube, oxidizing it, or havingmultiple carbon layers
in its wall.16,42,43

If several CNTs have the desired exciton spectrum,
then the preference should be given to the nanotube
with the highest emission and absorption cross sec-
tions at resonance. The most preferable CNTs are lo-
cated in the right top corner of Figure 5e, which shows
the two kinds of cross sections for 13 CNTs of different
chirality vectors. The positions of the nanotubes on the
figure were obtained using empirical formulas.44

Figure 5f illustrates the impact of the near-field
coupling between the CNT and GNF on the plasmon
generation rate. It shows how Rl varies with the dis-
tance from the nanotube to theGNF's plane for the first
five plasmon modes. For each mode, we choose the
optimal spaser parameters: L = 1.1W = 35 nm, ϑ = π/4
for l = {1,3}, and ϑ = 0 for the rest of the modes. The
plasmon generation rate is seen to monotonously
decrease with the CNT moving away from the GNF

for all spaser modes. The rates corresponding to the
degenerate modes (with l = 2, 4, and 5) are slightly
larger than for the nondegenerate ones, because of the
stronger spatial overlap of their near fields with the
CNT excitons.

In addition to the plasmon generation rate, it is
important to analyze the threshold gain required for
continuous spasing. This gain is known to predomi-
nantly depend on the dielectric properties of spaser
materials.27 Figure 5g shows that the threshold gain
grows exponentially with the spaser mode energy. For
a given value of ESP, the spasing threshold can be
significantly reduced by doping the GNF and increas-
ing its Fermi energy. As evidenced by Figure 5h, the
doping would simultaneously improve the quality
factor of the GNF resonator, which would in turn result
in lower losses and improved spaser performance.

The analysis of the spaser performance suggests
that the proposed design is highly tunable and can be
optimized to achieve themaximumSP generation rate.

Figure 5. (a) Schematic of spaser (top view) showing relative positions and dimensions of GNF and CNT. (b,c) Normalized
plasmon generation rates R1 and R2 in the ϑ�W/L domain for L = 35 nm. (d) R1 as a function of spaser mode energy for five
CNTs, ϑ = π/4, and L = 1.1W = 35 nm [in (b�d),H = 5 nm]. (e) Absorption and emission cross sections at resonance for different
nanotubes of unit lengths. (f) Rl vs H for five lowest-energy spasermodes; L=1.1W=35 nm,ϑ=π/4 for l= {1,3} andϑ=0 for l=
{2,4,5} [in (b�d) and (f), EF = 0.4 eV]. (g) Thresholdgain vs spasermode energy for different Fermi energies. (h)Quality factor of
the first five SP modes vs EF for W = 30 nm.
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In particular, the spaser mode energy can be varied
from 0.2 to 1.2 eV, spanning across a wide range of
near- and midinfrared frequencies. The emission en-
ergy can be tuned within this range by changing the
geometric parameters (W, L, and ϑ) and the material
parameters (EF and CNT chirality) of the spaser. The
results presented in Figures 2, 3, and 5 provide the
necessary information for such a parametric tuning. For
instance, to design a spaser emitting at the 1362 nm
wavelength (which corresponds to the SP mode en-
ergy of 0.91 eV), one might use the second mode of a
sufficiently doped, 38 nm wide GNF with EF = 0.4 eV
(see Figure 2c). According to Figures 3b and 5b, the
most efficient excitation of thismode could be achieved
using a34nm longCNTof chirality vector (12,1) oriented
parallel to a pair of theGNF's edges (ϑ=0). The pumping
wavelength must then be set around 730 nm. This
example shows that the results obtained may serve as
design guidelines for the experimental realization of a
GNF/CNT-based spaser. Themany tuning parameters of
the spaser significantly facilitate its fabrication by mak-
ing the suggested design flexible.

The proposed spaser can be experimentally rea-
lized using the common nanofabrication techniques.
A graphene sheet can be formed using such methods
as chemical vapor deposition (CVD), micromechanical
cleavage, graphite oxide exfoliation, or epitaxial growth
on a substrate.45,46 When the spaser's emission wave-
length (or the spaser mode energy) is chosen, Figure 2c
enables one to select the appropriate width of the GNF
to be patterned using a convenient method, e.g., litho-
graphy, transfer printing, or direct laser shaping.47 The
GNF can then be transferred to a low-index dielectric
substrate such as SiO2 or polydimethylsiloxane (PDMS).
After that, a suitable CNT, picked up according to the
pumping and emission energies shown in Figure 3b,

can be fabricated using CVD or other convenient
technology.48 The distance between the GNF and CNT
can be controlled by depositing a layer of the substrate
material on the topof theGNF. Thismay introduceweak
substrate effects, such as a small shift of the spasing
wavelength, which can be neglected if the substrate
material is of low refractive index and nondispersive.49

In addition to broad tunability, the proposed spaser
design offers such advantages as mechanical strength
and thermal stability due to the unique properties of
both graphene and CNTs. It can be used as an active
element in plasmonic nanocircuits, which overcome
the miniaturization and bandwidth limitations of the
conventional optical and electronic circuits. The de-
vices employing these circuits would inherit the favor-
able properties of carbon allotropes. The possible ap-
plications of spasers made of GNFs and CNTs range
from ultrafast processors and flexible electronics to
high-temperature devices and biomedical sensing.13,16

CONCLUSION

We have proposed to make a spaser in which
localized plasmon modes of a GNF are powered by
excitons residing on an excited CNT. We showed that
the GNF plasmon modes can efficiently couple to the
CNT excitons through the near field. We found the
optimal geometric parameters of the GNF and CNT, as
well as their optimal mutual orientation, that yield the
highest plasmon generation rate of the spaser and also
demonstrated the methods to improve the spaser's
performance via controlling the dielectric properties of
the GNF and the chirality of the CNT. The proposed
all-carbon spaser can be realized using the modern
nanofabrication techniques and used as an ultracom-
pact coherent source of surface plasmons for nano-
photonics applications.

METHODS
Our study of the novel spaser design involve finding the SP

modes supported by the square GNF, calculating the gain
characteristics of the CNT, evaluating the matrix elements of
the SP�exciton interaction, and analyzing the spaser perfor-
mance. The eigenfrequenciesωlþ iγl of the localized SP modes
can be found by solving the Helmholtz equation (r2 þ k2)El,η =
0 for the electric field El,η of the SP mode (l,η) of wavenumber k.
This is done numerically with the finite-elementmethod50 using
the commercial software package COMSOL Multiphysics. We
assume the GNF to have a finite thickness of t = 0.5 nm, which is
standard approach to numerical modeling of graphene.18,29,34

Then the three-dimensional conductivity of graphene is given
by σ(ω)/t. The quality factor Ql of the GNF resonator's mode l is
given by the ratio ωl/(2γl). The plasmonic fields obtained are
then quantized following the standard procedure of secondary
quantization for dispersive media.51,52

The single-wall CNT is assumed to be a rolled graphene sheet,
which is characterized as follows. First, the electronic band
structure of the graphene is calculated using the tight-binding
model. By applying the zone folding method and the periodic
boundary conditions along the chiral vector, we then derive
the band energy dispersion relation for the CNT bands.14,39 The

summing up of the contributions from all bands gives the
CNT's DOS

D(E) ¼
ffiffiffi
3

p
a

π2REc
∑
N

i

jEjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 � E2i

p
where a = 0.142 nm is the c�c bond length, R is the CNT radius,
Ec = 3 eV is the tight binding energy of the nanotube, ɛi =
aEc|3i þ 1|/2R, and N = 4(m2 þmn þ n2)/gcd(n,m) for semicon-
ducting nanotubes.14 This allows us to find the exciton energies
E11 and E22. The exciton wave function along the CNT of length
L is assumed to be of the symmetric Gaussian form Ae�(z/L)2,
where z is the distance from the nanotube's center and A is the
normalization constant.41

The Hamiltonian of spaser is a sum of four terms:

Ĥ ¼ Ĥe þ ĤSP þ Ĥe, L þ Ĥe, SP

where Ĥe = E11|1eæÆ1e | þ E22|2eæ Æ2e| and ĤSP = ∑η = 1
p ESPbl,η

† bl,η
are the Hamiltonians of noninteracting excitons and SPs of
mode (l,η); bl,n

† and bl,η are the creation and annihilation oper-
ators of the SP mode; and Ĥe,L and Ĥe,SP are the Hamiltonians
corresponding to the exciton�pump�light and exciton�SP
interactions. The take the interaction Hamiltonians of the forms
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Ĥe,L= (1/2)VLe
�iωLt|2eæ Æ0e|þ CC and Ĥe,SP = ipgl∑η = 1

p Vl,ηbl,η
† |0eæ

Æ1e|þ CC, where gl = (ωl /(2ε0pV))
1/2 is the exciton�SP coupling

constant, V is the normalization volume, ωL is the excitation
frequency, and CC stands for complex conjugate.53,54

The Hamiltonian Ĥ is substituted to the system of partial
differential equations given in eq 2. The solution to the system is
used to find the population Fκκ of state |κæ = |η þ 3æ � |0eæ|1pll,næ
and the total plasmon generation rate8

Rl ¼ ∑
pþ 3

K¼ 4
FKK ¼ ωlg

2
l ξ23

γ22γ33γpl

γ13
γ213 þΔ2

L3

γp
γ2p þΔ2

p

jVLj2 ∑
p

η¼ 1
jVl,ηj2

where γμν (μ, ν = 1, 2, ..., pþ 3) and ξ23 are defined in eq 2;ΔL3 =
(E22/p � ωL) and Δp = Δ24 = Δ25 = (E11 � ESP)/p; γp = γ24 = γ25,
and γpl = γ44 = γ55. The normalized plasmon generation rates
Rl are plotted in Figure 5 using τ = 10�13 s and γp = 1010 s�1,
while the matrix elements Vl,η are numerically evaluated using
the electric field distributions El,η obtained with the finite-
element method.14,18
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